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THE CASE FOR RAABE’S TEST
CHRISTOPHER N. B. HAMMOND
Abstract. Among the techniques for determining the convergence of a se-
ries, Raabe’s Test remains relatively unfamiliar to most mathematicians. We
present several results relating to Raabe’s Test that do not seem to be widely
known, making the case that Raabe’s Test should be featured more promi-
nently in undergraduate calculus and analysis courses. In particular, we demon-
strate that Raabe’s Test may be viewed as an implicit comparison with a p-
series, in the same manner that the Ratio Test and the Root Test constitute
an implicit comparison with a geometric series. Moreover, Raabe’s Test can
sometimes simplify the process for determining conditional convergence.
1. Raabe’s Test
Although Raabe’s Test was first introduced in 1832, its importance and inter-
pretation have largely been overlooked. The purpose of this article is to expand
the scope of Raabe’s Test, illustrating its benefits and situating it within its proper
context.
As most readers are probably aware, the Ratio Test and the Root Test can
both be viewed as an implicit comparison with a geometric series; that is, they tell
us when a series “behaves like” a certain geometric series. Likewise, the version
of Raabe’s Test that we are presenting will indicate when a series “behaves like”∑∞
n=1 1/n
p for a particular p. In a sense, one can view Raabe’s Test as a type of
comparison test that self-selects the appropriate p-series with which to compare.
Indeed, it is not always obvious when a series is comparable to a p-series. For
example, consider
(1.1)
∞∑
n=1
(−1)n−1(2n)!
4n(n!)2
.
The standard convergence tests are not especially helpful in this instance. The
Ratio Test and the Root Test are both inconclusive. The Comparison and Limit
Comparison Tests, besides applying only to series with non-negative terms, require
a predetermined series with which to compare. It is not even clear whether the
hypotheses of the Alternating Series Test are satisfied. Our version of Raabe’s Test
will show that this series essentially behaves like
∞∑
n=1
(−1)n−1
n1/2
.
Hence, with only a single computation, we will demonstrate that series (1.1) is
conditionally convergent. (See Example 4 below.) In other words, Raabe’s Test
will allow us to perform a comparison without knowing beforehand to what we are
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2 C. N. B. HAMMOND
comparing. Moreover, the test will sometimes eliminate the need for employing a
multistep process to determine conditional convergence.
The original version of Raabe’s Test, as stated by Joseph Ludwig Raabe [6], says
that a series
∑∞
n=1 an consisting of positive terms converges whenever
lim
n→∞n
(
an
an+1
− 1
)
> 1
and diverges whenever
lim
n→∞n
(
an
an+1
− 1
)
< 1.
There are several minor variants of Raabe’s result (see [1, p. 39], [3, p. 285], or [4]),
but the test is typically stated for series with only positive terms. Raabe’s Test
can provide more information if we consider series that include both positive and
negative terms, as illustrated by this slightly subtler version of the test.
Theorem 1 (Raabe’s Test). Suppose
∑∞
n=1 an is a series consisting of nonzero
terms, for which
p = lim
n→∞n
(∣∣∣∣ anan+1
∣∣∣∣− 1)
exists (as a finite value). If p > 1, the series converges absolutely. If p < 0,
the series diverges. If 0 ≤ p < 1, the series is either conditionally convergent or
divergent. If p = 1, the test provides no information.
Proof. Suppose, first of all, that p > 1. Since (p− 1)/2 is a positive number, there
is a natural number N such that∣∣∣∣n(∣∣∣∣ anan+1
∣∣∣∣− 1)− p∣∣∣∣ < p− 12 ,
and hence
n
(∣∣∣∣ anan+1
∣∣∣∣− 1) > p− p− 12 = p + 12 ,
whenever n ≥ N . Let p1 = (p + 1)/2, which is also greater than 1. Observe that
n
∣∣∣∣ anan+1
∣∣∣∣ > p1 + n
and thus
n|an| > (p1 + n)|an+1|
for n ≥ N , from which we see that
(1.2) n|an| − (n + 1)|an+1| > (p1 − 1)|an+1|.
Since p1 − 1 is positive, it follows that
n|an| > (n + 1)|an+1|
for n ≥ N . Since every term n|an| is positive, the Monotone Convergence Theorem
guarantees that the sequence
(
n|an|
)
converges to some limit x. Consider the series
∞∑
n=1
bn =
∞∑
n=1
(
n|an| − (n + 1)|an+1|
)
.
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The mth partial sum of
∑∞
n=1 bn is equal to(|a1| − 2|a2|)+ (|2a2| − 3|a3|)+ . . . + (m|am| − (m + 1)|am|)
= |a1| − (m + 1)|am+1|,
so the series converges to |a1|−x. Therefore the Comparison Test, along with (1.2),
shows that ∞∑
n=1
(p1 − 1)|an+1|
is convergent, as is
∞∑
n=1
|an+1| = 1
p1 − 1
∞∑
n=1
(p1 − 1)|an+1|.
Consequently the series
∑∞
n=1 an converges absolutely.
Now suppose that p < 0. Since −p is a positive number, there is a natural
number N such that ∣∣∣∣n(∣∣∣∣ anan+1
∣∣∣∣− 1)− p∣∣∣∣ < −p,
and hence
n
(∣∣∣∣ anan+1
∣∣∣∣− 1) < p− p = 0,
whenever n ≥ N . Consequently ∣∣∣∣ anan+1
∣∣∣∣− 1 < 0
for n ≥ N , which means that |an| < |an+1| whenever n ≥ N . Therefore the
sequence (an) does not converge to 0, so the series
∑∞
n=1 an is divergent.
Finally, suppose that 0 ≤ p < 1. Since (1− p)/2 is a positive number, there is a
natural number N such that∣∣∣∣n(∣∣∣∣ anan+1
∣∣∣∣− 1)− p∣∣∣∣ < 1− p2 ,
and hence
n
(∣∣∣∣ anan+1
∣∣∣∣− 1) < p + 1− p2 = 1 + p2 ,
whenever n ≥ N . Therefore
n
∣∣∣∣ anan+1
∣∣∣∣− (n + 1) < 1 + p2 − 1 = p− 12 < 0
for n ≥ N . Consequently
n|an| < (n + 1)|an+1|
for n ≥ N , which means that N |aN | ≤ n|an| whenever n ≥ N . Taking M = N |aN |,
we see that
M
n
≤ |an|
whenever n ≥ N . Thus the Comparison Test shows that ∑∞n=1 |an| is divergent, so∑∞
n=1 an is either conditionally convergent or divergent.
Example 8, which appears in the next section, will demonstrate that any out-
come is possible when p = 1. Namely, such a series may diverge, may converge
conditionally, or may converge absolutely. 
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Observe that the quantity
p = lim
n→∞n
(∣∣∣∣ anan+1
∣∣∣∣− 1)
from Raabe’s Test cannot exist unless
lim
n→∞
(∣∣∣∣ anan+1
∣∣∣∣− 1) = 0.
Therefore
lim
n→∞
∣∣∣∣an+1an
∣∣∣∣
must exist and be equal to 1. In other words, Raabe’s Test presupposes the incon-
clusiveness of the Ratio Test. By Theorem 3.37 in [7], the existence of a finite value
of p also guarantees that the Root Test is inconclusive.
As mentioned above, Raabe’s Test yields no information when p = 1. For any
value 0 ≤ p < 1, there are examples for which the series converges conditionally
and examples for which the series diverges. (See Example 8 below.) In general, it
can be difficult to determine the behavior of a series when 0 ≤ p ≤ 1, although the
next two results are rather helpful.
Proposition 2. Suppose (an) is a sequence consisting of nonzero numbers, for
which
p = lim
n→∞n
(∣∣∣∣ anan+1
∣∣∣∣− 1)
exists. If p > 0, the sequence (an) converges to 0.
Proof. Since p/2 is a positive number, there is a natural number N such that∣∣∣∣n(∣∣∣∣ anan+1
∣∣∣∣− 1)− p∣∣∣∣ < p2 ,
and hence
(1.3) n
(∣∣∣∣ anan+1
∣∣∣∣− 1) > p− p2 = p2 > 0,
whenever n ≥ N . Consequently ∣∣∣∣ anan+1
∣∣∣∣− 1 > 0
for n ≥ N , so |an| > |an+1| whenever n ≥ N . The Monotone Convergence Theorem
guarantees that (|an|) converges to a non-negative number x. We simply need to
show that x is equal to 0.
Suppose, for the sake of contradiction, that x > 0. Since |an| > x for n ≥ N , it
follows from (1.3) that
n(|an| − |an+1|)
x
> n
( |an| − |an+1|
|an+1|
)
= n
(∣∣∣∣ anan+1
∣∣∣∣− 1) > p2
when n ≥ N . Therefore
|an| − |an+1| > px
2n
,
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and hence
|am| − |an| = (|am| − |am+1|) + (|am+1| − |am+2|) + . . . + (|an−1| − |an|)
>
px
2
(
1
m
+
1
m + 1
+ . . . +
1
n− 1
)
,
whenever n > m ≥ N . While (|an|) is a Cauchy sequence, the sequence of partial
sums for the harmonic series is divergent. Thus we have obtained a contradiction,
so we conclude that x must be 0. 
In certain instances, such as series (1.1), it is reasonable to use Proposition 2 to
show that (an) converges to 0. (See also Problem 2047 in [2].) The main purpose
of this proposition, though, is to expand the scope of Raabe’s Test.
Theorem 3 (Raabe’s Alternating Series Test). Suppose (an) is a sequence consist-
ing of positive numbers, for which
p = lim
n→∞n
(
an
an+1
− 1
)
exists. If 0 < p ≤ 1, the series
∞∑
n=1
(−1)n−1an = a1 − a2 + a3 − a4 + . . .
is convergent. If 0 < p < 1, the series converges conditionally.
Proof. In addition to showing that (an) converges to 0, the proof of Proposition 2
shows that there is a natural number N such that an > an+1 for n ≥ N . Hence
the Alternating Series Test guarantees that the series stated above is convergent.
If 0 < p < 1, Raabe’s Test shows that the series must, in fact, be conditionally
convergent. 
Theorem 3 is somewhat unusual, in that it typically takes multiple steps to show
that a series is conditionally convergent.
Example 4. Consider the series
∞∑
n=1
(−1)n−1(2n− 1)!
4n(n!)2
and
∞∑
n=1
(−1)n−1(2n)!
4n(n!)2
and
∞∑
n=1
(−1)n−1(2n + 1)!
4n(n!)2
,
the second of which was mentioned at the beginning of this article. It is not difficult
to demonstrate that these series have values 3/2, 1/2, and −1/2 with respect to
Raabe’s Test. Therefore the first series converges absolutely, the second series
converges conditionally, and the third series diverges.
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2. Interpretation and Examples
Our next observation is fundamental to our interpretation of Raabe’s Test.
Example 5. Let an = 1/n
p for a real number p. Observe that
n
(∣∣∣∣ anan+1
∣∣∣∣− 1) = n((n + 1n
)p
− 1
)
=
(
1 +
1
n
)p
− 1
1
n
,
which converges to f ′(1) for f(x) = xp. Consequently the expression above con-
verges to p.
As we have previously mentioned, Raabe’s Test should be viewed as an implicit
comparison between
∑∞
n=1 |an| and the corresponding series
∑∞
n=1 1/n
p. In other
words, if
∑∞
n=1 an has value p with respect to Raabe’s Test, the series behaves as if
|an| = 1/np. The only exceptions are the borderline cases where p = 0 and p = 1.
Note that the proof of Raabe’s Test did not require any prior knowledge about
p-series, except for the fact that the harmonic series diverges.
Viewing Raabe’s Test from this perspective, one would anticipate certain behav-
ior with respect to products and powers. If
∑∞
n=1 |an| and
∑∞
n=1 |bn| behave like∑∞
n=1 1/n
p and
∑∞
n=1 1/n
q, then
∑∞
n=1 |anbn| should behave like
∑∞
n=1 1/n
p+q and∑∞
n=1 |an|k should behave like
∑∞
n=1 1/n
kp. The following proposition formalizes
this intuition.
Proposition 6. Suppose (an) and (bn) are sequences consisting of nonzero num-
bers, for which
p = lim
n→∞n
(∣∣∣∣ anan+1
∣∣∣∣− 1)
and
q = lim
n→∞n
(∣∣∣∣ bnbn+1
∣∣∣∣− 1)
both exist. In that case,
lim
n→∞n
(∣∣∣∣ anbnan+1bn+1
∣∣∣∣− 1)
exists and is equal to p + q. Furthermore, for any real number k, the expression
lim
n→∞n
(∣∣∣∣ anan+1
∣∣∣∣k − 1
)
exists and is equal to kp.
Proof. First of all, note that
n
(∣∣∣∣ anbnan+1bn+1
∣∣∣∣− 1) = n( |anbn+1||an+1bn+1| + |anbn| − |anbn+1||an+1bn+1| − 1
)
= n
(∣∣∣∣ anan+1
∣∣∣∣− 1 + ∣∣∣∣ anan+1
∣∣∣∣ ( |bn| − |bn+1||bn+1|
))
= n
(∣∣∣∣ anan+1
∣∣∣∣− 1)+ ∣∣∣∣ anan+1
∣∣∣∣n(∣∣∣∣ bnbn+1
∣∣∣∣− 1) .
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Since
lim
n→∞
∣∣∣∣an+1an
∣∣∣∣ = 1,
our first assertion follows from the Algebraic Limit Theorem.
To prove the second assertion, consider the continuous function
g(x) =

xk − 1
x− 1 , x 6= 1
k, x = 1
.
Observe that
n
(∣∣∣∣ anan+1
∣∣∣∣k − 1
)
= n
(∣∣∣∣ anan+1
∣∣∣∣− 1) g(∣∣∣∣ anan+1
∣∣∣∣)
for all n. Since |an/an+1| is converging to 1, the expression above converges to the
product of p and k. 
In other words, if
∑∞
n=1 an and
∑∞
n=1 bn have values p and q with respect to
Raabe’s Test, then
∑∞
n=1 anbn has value p + q. Likewise, whenever it is defined,∑∞
n=1 a
k
n has value kp. In particular,
∑∞
n=1 1/an has value −p and
∑∞
n=1 an/bn
has value p− q. Besides confirming our interpretation of Raabe’s Test, these obser-
vations can be quite useful from a computational perspective
As noted by Knopp [3, p. 287], there is an equivalent formulation of Raabe’s
Test:
(2.1) p = lim
n→∞n log
∣∣∣∣ anan+1
∣∣∣∣ ,
where log denotes the natural logarithm. (The equivalence of (2.1) to the standard
form of Raabe’s Test can be deduced from the inequalities (x−1)/x ≤ log x ≤ x−1.)
This version, which is sometimes called Schlo¨milch’s Test [5], makes the results of
Proposition 6 seem a bit more apparent.
If p > 0, Proposition 2 shows that (an) must converge to 0. Hence it follows
from Proposition 6 that (an) is unbounded whenever p < 0. Let us pause for a
moment to consider the case where p = 0. From the perspective of Raabe’s Test,
such a series “looks like” the p-series
∞∑
n=1
1
n0
= 1 + 1 + 1 + · · · .
Nevertheless, there are examples with p = 0 for which (an) is either convergent to
0 or unbounded.
Example 7. Taking an = 1/ log(n + 1), we see that
n
(∣∣∣∣ anan+1
∣∣∣∣− 1) = n( log(n + 2)log(n + 1) − 1
)
=
n
(
log(n + 2)− log(n + 1))
log(n + 1)
=
log
((
1 + 1n+1
)n)
log(n + 1)
.(2.2)
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Since the numerator of (2.2) converges to log e = 1, the entire expression converges
to 0. Proposition 6 shows that
lim
n→∞n
(∣∣∣∣ bnbn+1
∣∣∣∣− 1)
is also 0, where bn = log(n + 1).
In other words, there is some “wiggle room” with respect to how closely a series
must resemble the corresponding series
∑∞
n=1 1/n
p. We are now in a position to
justify the final assertion in the statement of Raabe’s Test, as well as a remark
made shortly before the statement of Proposition 2.
Example 8. We would like to illustrate the range of possible outcomes when
0 ≤ p ≤ 1. First of all, consider the case where p = 0. The Alternating Series Test
shows that
∞∑
n=1
(−1)n−1
log(n + 1)
is conditionally convergent. On the other hand, the series
∞∑
n=1
1
n0
= 1 + 1 + 1 + · · ·
is divergent.
For 0 < p ≤ 1, the series
∞∑
n=1
(−1)n−1
np
is conditionally convergent and has value p with respect to Raabe’s test. Similarly,
the series
∞∑
n=1
1
np
is divergent.
We still need to identify a series with p = 1 that is absolutely convergent. It
follows from Proposition 6 that
∞∑
n=1
1
(n + 1)
(
log(n + 1)
)2
has value 1 with respect to Raabe’s Test. Moreover, the Integral Test shows that
this series converges absolutely.
The next result is particularly useful when applying Raabe’s Test to concrete
examples.
Proposition 9. Suppose (an) and (bn) are sequences consisting of positive num-
bers, for which
p = lim
n→∞n
(
an
an+1
− 1
)
and
q = lim
n→∞n
(
bn
bn+1
− 1
)
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both exist. If p < q, then
(2.3) lim
n→∞n
(
an + bn
an+1 + bn+1
− 1
)
and
(2.4) lim
n→∞n
(∣∣∣∣ an − bnan+1 − bn+1
∣∣∣∣− 1)
both exist and are equal to p.
Proof. Note that
n
(
an + bn
an+1 + bn+1
− 1
)
= n
(
an − an+1
an+1 + bn+1
+
bn − bn+1
an+1 + bn+1
)
= n
(
an
an+1
− 1
) 1
1 +
bn+1
an+1
+ n( bnbn+1 − 1
)
bn+1
an+1
1 +
bn+1
an+1
 .
The sequence (bn/an) has value q − p > 0 with respect to Raabe’s Test, so Propo-
sition 2 dictates that (bn/an) converges to 0. Thus the expression above converges
to p · 1 + q · 0 = p.
Since (bn/an) converges to 0, there is a natural number N such that bn < an for
n ≥ N . Consequently |an − bn| = an − bn for n ≥ N , and hence
n
(∣∣∣∣ an − bnan+1 − bn+1
∣∣∣∣− 1) = n( an − an+1an+1 − bn+1 − bn − bn+1an+1 − bn+1
)
= n
(
an
an+1
− 1
) 1
1− bn+1
an+1
− n( bnbn+1 − 1
)
bn+1
an+1
1− bn+1
an+1
 .
Therefore this expression also converges to p. 
The result above is not valid when p = q, since
1
np
−
(
1
np
+
1
np+1
)
=
1
np+1
.
The analogous result may fail to hold for sequences consisting of nonzero terms,
even when
lim
n→∞n
(∣∣∣∣ anan+1
∣∣∣∣− 1) = p < q = limn→∞n
(∣∣∣∣ bnbn+1
∣∣∣∣− 1) .
If an = 1 and bn = (−1)n−1/n, for example, then both (2.3) and (2.4) are undefined.
For any non-negative integer m, Example 5 shows that the monomial nm has
value −m with respect to Raabe’s Test. Hence Proposition 9 allows us to compute
the value for any series whose terms can be expressed as a polynomial in n.
Example 10. Consider the series
∞∑
n=1
6n4 − 11n3 − 3n2 + 7n + 5 =
∞∑
n=1
(
6n4 + 7n + 5
)− (11n3 + 3n2).
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Proposition 9 shows that
∑∞
n=1 6n
4 + 7n+ 5 and
∑∞
n=1 11n
3 + 3n2 have values −4
and −3 with respect to Raabe’s Test. Thus their difference, which is the original
series, has value −4.
The reasoning from this example leads us to the following observation.
Corollary 11. Let
∑∞
n=1 an be a series consisting of nonzero terms. If an = h(n)
for a polynomial h of degree m, the series has value −m with respect to Raabe’s
Test.
Combining the results of this section, we can often apply Raabe’s Test without
much additional computation.
Example 12. Consider the series
∞∑
n=1
an =
∞∑
n=1
(−1)n−1
√
n2 − 2n + 3
5n3 − 7n2 + 11n + 13.
Corollary 11 shows that the numerator of the expression inside the radical has
value −2 with respect to Raabe’s Test and that the denominator has value −3.
Thus Proposition 6 shows that their quotient has value 1 with respect to Raabe’s
test and that
∑∞
n=1 an has value 1/2. Therefore the series converges conditionally.
We could obtain the same result by applying the Limit Comparison Test and
the Alternating Series Test, comparing
∑∞
n=1 |an| with
∑∞
n=1 1/n
1/2. The infor-
mal process by which we obtain the series
∑∞
n=1 1/n
1/2 requires essentially the
same steps as actually employing Raabe’s Test. Moreover, Theorem 3 makes it
unnecessary to verify the hypotheses of the Alternating Series Test.
3. Pedagogical Implications
When first learning about series, students typically encounter two fundamental
classes of examples: geometric series and p-series. By analogy, it makes sense to
introduce students to the Ratio Test and the Root Test (which relate to geometric
series) and also to Raabe’s Test (which relates to p-series). The most obvious way
to feature Raabe’s Test in a calculus or an analysis course would be as a supplement
to the Limit Comparison Test. There are several reasons that such an innovation
might be advantageous:
• We generally use the Limit Comparison Test when the Ratio Test and the
Root Test are inconclusive, which is precisely the situation in which Raabe’s
Test may be applicable.
• When applying the Limit Comparison Test, we often compare the series
in which we are interested with a p-series. Raabe’s Test serves a similar
function, but does not require that we know the value of p beforehand. (As
noted in Example 12, the process for finding a series with which to compare
may involve essentially the same steps as applying Raabe’s Test.)
• In certain cases, Raabe’s Test allows us immediately to draw conclusions
about conditional convergence.
In the context of p-series, the one instance in which the Limit Comparison Test can
yield more information than Raabe’s Test is when p = 1. That case is inconclusive
with respect to Raabe’s Test, but a comparison with the harmonic series may
demonstrate divergence. We might consider using the Limit Comparison Test in
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a more targeted manner, reserving it primarily for this situation, and applying
Raabe’s Test otherwise.
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